Axion-like particles are dark matter candidates motivated by the Peccei-Quinn mechanism and also occur in effective field theories where their masses and photon couplings are independent. We estimate the dispersion of circularly polarized photons in a background of oscillating axion-like particles (ALPs) with the standard gaγ a FµνF µν /4 coupling to photons. This leads to birefringence or the rotation of linear polarization that can constrain the axion-photon coupling gaγ. The cosmic microwave background (CMB) polarization is a sensitive probe of cosmic birefringence arising from an effective refractive index that would be induced by ALP dark matter. The birefringence limit from CMB observations ∆α (0.5) • enables us to constrain the axion-photon coupling gaγ 10 −18 − 10 −13 GeV −1 , for ultra-light ALP masses ma ∼ 10 −27 − 10 −22 eV. This represents an improvement of one to a few orders of magnitude upon the tightest prior limits derived from xray observations of active galaxies in clusters, although the techniques have different assumptions. Future CMB polarization experiments and their birefringence forecasts have the potential to further refine ALP dark matter parameters. * guenter.sigl@desy.de †
I. INTRODUCTION
Axion-like particles (ALPs) are generally understood as pseudoscalar fields a with a two-photon coupling of the form g aγ a F µνF µν /4, among possible other couplings that are typically less relevant in dilute media. ALPs are generalizations of axions which were originally motivated by solving the strong CP problem through promoting the CP-violating phase θ to a/f a with f a known as the Peccei-Quinn scale [1] [2] [3] . Through its couplings to gluons and quarks the axion will attain a mass m a below the QCD scale through which its expectation value is driven to zero.
Apart from the coupling constant g aγ , ALPs are characterized through their vacuum mass m a . In contrast to axions, ALPs in general do not solve the strong CP problem and g aγ and m a are assumed to be independent parameters. In addition to the misalignment mechanism generating ALP cold dark matter, inflation also produces ALP field fluctuations of order the inflationary expansion rate, H i /(2π), which gives a contribution ρ a ∼ m 2 a H 2 i /(2π) 2 . For m a 3 × 10 3 (10 16 GeV/H i ) H(z rec ) and sufficiently large H i , it can also lead to the right relic dark matter density.
The coupling term can lead to ALP-photon oscillations in the presence of external electromagnetic fields and also lead to an effective refractive index for photons propagating in a background of ALPs. While the former effect has been investigated extensively in both cosmological, astrophysical contexts (for reviews see Ref. [4, 5] ) and in experiments (for a review see Ref. [6] ), at least so far, the latter effect is less well studied. This refractive effect can be particularly relevant if ALPs constitute a significant part of the dark matter which is what we assume here without specifying the ALP production processes.
We investigate the birefringent effect of ALP dark matter on the cosmic microwave background (CMB) which is well constrained observationally. This leads to strong constraints on g aγ in the mass range 10 −27 eV m a 10 −22 eV, overlapping with the mass range of ultra-light and fuzzy dark matter [7] which has gained significant popularity recently. The constraints that already exist are generally flat in m a for m a 10 −10 eV and at the level ∼ 10 −12 GeV −1 .
The linear polarization of the CMB is sourced by the quadrupole temperature anisotropy of the radiation field via Thomson scattering [8] . The curl-free E-mode polarization has been observed [9] with greater sensitivity and resolution in recent years by Planck [10] and several ground based experiments at higher resolution [11] . Steadily improving upper limits have also been placed on the gradient-free B-type polarization in the quest for the signal of inflationary tensor modes [12] . The birefringence of the linear polarization of the CMB, arising due to any parity violation [13] [14] [15] [16] , can be probed via correlations of the E and B-modes [15, 17, 18] . In this work we ignore clustering of ALP dark matter [5] and anisotropies in the birefringence [19] [20] [21] . The goal of this paper is to calculate the overall amplitude of birefringence predicted by an oscillating background of ALP dark matter and use the observational limits on CMB birefringence to constrain the axion-photon coupling constant as a function of ALP mass.
II. PHOTON PROPAGATION IN AN ALP BACKGROUND
Using natural units c = = k B = 1 and Lorentz-Heaviside units 0 = µ 0 = 1, the parts of the Lagrangian depending on the ALP and photon fields can be written as
where F µν is the electromagnetic field strength tensor,F µν is its dual and V a (a) is the effective ALP potential which can be expanded as V a (a) = 1 2 m 2 a a 2 + O(a 3 ) around a = 0, with m a the effective ALP mass. One often uses the relation
with s a model dependent parameter of order unity, α em the fine structure constant and f a the Peccei-Quinn scale.
For left-and right-circular photon modes propagating in the z−direction we make the Ansatz
where e ± ≡ e x ± ie y are the two unit vectors corresponding to left and right-circular modes. To zeroth order, photon wave-packets will propagate along trajectories z = t so that we can identify time scales with length scales from now on. Eq. (3) then yields the equation of motion
where δ is a random phase which changes on the length scale of the coherence length l c of the ALP field and a 0 is the amplitude of the ALP field which is supposed to vary on time and lengths scales much larger than 1/k and the inverse photon frequency. Eq. (4) is of the form of a Mathieu equation. It can be brought into its standard form (up to the phase δ)
For the ALP amplitude a 0 we use the relation ρ a = (1/2)m 2 a a 2 0 , and set ρ a 0.3 GeV cm −3 for the standard average Galactic dark matter density. The ALP fraction of dark matter can be constrained to 0.2 at m a 10 −22 eV from the Lyman-α forest [22, 23] . However, for ease of comparison, we assume all dark matter to be in the form of ALPs and we also find our constraints on g aγ depend rather weakly on matter density.
III. BIREFRINGENCE PHASE SHIFT AND AXION-PHOTON COUPLING
For sufficiently small ALP masses m a , the cosine can be treated as constant on macroscopic scales 1/m a . In this case, Eq. (4) leads to the dispersion relation
This can be also be written as ∆φ = ∆ωdt ∼ g aγ ∆a which is the same as e.g. Eq.
(2) in [24] . Note our g aγ is their 1/f a without the factors in our Eq.(2). Using k = m a /2, a single domain or coherence length l c of the ALP field gives rise to the phase difference between the left and right-circularly polarized photon modes of the order rad .
The coherence length l c is roughly the de Broglie wavelength of the ALP, l c ∼ 1/(m a v a ). The phase shift accumulated over a coherence length l c does not depend on l c as long as l c 1/m a because lc 0 dz cos(m a t + δ) [sin(m a l c + δ) − sin(δ)] /m a = O(1/m a ). Furthermore, ∆φ 1 does not depend on the photon frequency (unlike Faraday rotation) so that observations in any wavelength band can be applied! On the other hand, over distances d l c the accumulated phase shift would be a factor d/l c smaller than Eq. (7) .
The accumulated cosmological phase shift as photons traverse ALP-field coherent domains (of number N), between the surface of last scattering at recombination and the present epoch, can be estimated by integrating over domains to get the mean square phase shift
where
neglecting the small contribution from low-z dominated by dark energy. Using matter densities from [10] and in our units, 0 = 1,
The rad.
(11) We adopt a value v a (z rec ) ∼ 10 −4 for the post-recombination axion velocity from estimates of the CDM velocity [25] . The random walk treatment breaks down if the ALP coherence length is larger than the Hubble radius at recombination 1/(m a v a (z rec )) 1/H(z rec ) i.e. (m a H(z rec )/v a (z rec ) which occurs at m a,coh 3 × 10 −25 Ω m 0.315
The observed birefringence angle ∆α (the angle of rotation of linear polarization) is half the phase shift ∆φ between the two components of circular polarization. Observed and forecast limits on the birefringence angle from observations of the CMB are listed in Table I . The rotation of polarization (and its angular power spectrum) can be extracted via measuring E and B-mode polarization correlations [17] which arise when there is statistical parity violation, in our case sourced by the pseudoscalar axion field. For constraints on the axion-photon coupling, we adopt a current limit on ∆α (0.5) • lying between the weaker Planck & ACTpol limits and tighter BICEP2/Keck Array limits. This produces an upper limit on the axion-photon coupling, 
evaluated at m a = m a,coh .
We define m a,rec ∼ H(z rec ) ∼ 3 × 10 −29 eV, representing the lower limit of ALP mass that can oscillate at recombination. For the range of ALP masses m a,rec m a m a,coh , the de Broglie wavelength is larger than the Hubble scale at recombination and the latter sets the effective coherence length. The phase shift will be given by Eq. (7) in this regime, ∆φ 1 g aγ a 0 while a 0 ∝ 1/m a so g aγ ∝ m a in this regime (whereas at m a m a,coh it scales g aγ ∝ m 1/2 a ) . We ignore even smaller masses m a H(z rec ) as the ALP would not oscillate at recombination and act as dark energy till H(z < z rec ) m a . Also, the temperature-independent limit for ALP dark matter [33] is m a 7 × 10−28 eV.
While our constraint for g aγ scales as m 1/2 a and m a , above and below m a,coh , respectively, we can further specify the range of ALP masses probed by CMB experiments. The multipole of the signal is ∼ π/θ ∼ πd A /l c ∼ πd A m a v a (z rec ) ∼ 2πm a v a (z rec /[H 0 (1 + z rec )], where d A is the angular diameter distance. Therefore, the range of masses for a multipole range range ∼ 1 − 10 3 is given by [ range H 0 (1 + z rec )]/[2πv a (z rec )] expressed as 2.6 × 10 −27 m a 2.6 × 10 −24 eV. The g aγ excluded over this mass range is depicted by the filled red region in Fig. 1 . We note that our upper limit g aγ 5 × 10 −17 GeV −1 at m a,coh ∼ 3 × 10 −25 eV is ∼ 10 4 times stronger than several limits from x-ray oscillations from AGN in magnetized clusters (3C 84 or NGC 1275 in the Perseus cluster [34] or M 87 [35] ) and even ∼ 10 3 times stronger than the forecast limit from Athena [36] . However, it must be emphasized that x-ray and CMB limits depend on different assumptions -the x-ray limits do not depend on ALP 10 29 10 24 10 19 10 14 10 9 10 4 10 1 10 6 10 11
Axion mass m a / eV . Note that the x-ray limits are independent of ALP dark matter mass and assume a 25 µG cluster center magnetic field. Also shown is the Galactic constraint derived in this work (filled maroon, labelled 'g Gal').
Dotted lines indicate how future CMB observations from COrE could improve gaγ constraints by two orders of magnitude (also similar to SKA 2 radio source forecasts). Other filled regions depict coupling constant-ALP mass parameter space already excluded by various other experiments and observations (some of them based on ALP-photon oscillations independent of dark matter). Dashed lines indicate forecasted constraints from various future experiments except the vertical black dashed line which indicates the limits of ALP dark matter (T-independent at 7 ×10 −28 eV). The yellow filled region depicts the allowed parameter space for temperature-dependent ALP dark matter via the misalignment mechanism and the light red band with unit slope depicts QCD axion models (This plot was created using the ALPlot code [32]).
dark matter mass and assume a 25 µG cluster center magnetic field for Primakoff conversion. Our constraint is also ∼ 30 times stronger than the constraint from polarized emission from a nearby protoplanetary disk [37] . CMB polarization constraints are also expected be more robust than other methods as the predicted CMB polarization characteristics are theoretically well established and unaffected by astrophysical uncertainties in individual sources used in other methods. Cosmological models accurately fit sensitive all-sky observations by Planck [11, 29] as well as higher-resolution ground based experiments (e.g. see Table I ) making tight limits on birefringence more reliable. The birefringence analysis for deriving limits on g aγ from cosmological domains of oscillating ALPs can be repeated for the case of axions only in our Galactic potential with velocity dispersion v a,Gal ∼ 10 −3 and out to a distance d Gal ∼ 10 kpc. We find, as expected, the Galactic birefringence signal and its constraints on g aγ are weaker by about two orders of magnitude. The characteristic ALP mass scale in this case is m a,Gal ∼ 1/(d Gal v a,Gal ) ∼ 6.7 × 10 −25 eV. The coupling constant constraint at m a,Gal is g aγ 5.6 × 10 −15 GeV −1 and as before, it scales as m 1/2 a and m a , above and below m a,Gal , respectively, as shown in Fig. 1 . The Galactic ALP mass range probed by CMB observations within range ∼ 1 − 10 3 is 2 × 10 −25 m a 2 × 10 −22 eV for d ∼ 10 kpc. Overall, we see that although the Galactic signal is almost 10 2 weaker in its constraint but it can probe upto 10 2 times higher m a scales compared to the extragalactic and is depicted by the filled maroon region in Fig. 1 . The Galactic contribution would also imprint birefringence anisotropy.
Future CMB observations have the promise of greatly reducing the r.m.s. amplitude of the polarization rotation angle (Table I) . Controlling polarization-angle calibration systematics [38, 39] , currently at the level of (0.3) • , will be crucial to achieving the ∼20 to 200 times tighter α limits [28] and g aγ limits that we forecast for the CMB-S4 and COrE-like experiment.
We should note that rotation angles of the polarized synchrotron emission from radio galaxies [14, 40] as well as scattered UV emission from extragalactic sources [41] can also constrain the birefringence rotation angle to approximately 1 degree. Such sources have the disadvantages of having to correct for Faraday rotation, projections effects and differing intrinsic polarization properties. However, with a future SKA 2 survey of ∼ 10 6 polarized sources, a much improved overall rotation angle error of as low as 2 × 10 −3 degree has been forecast (similar to COrE) for max ∼ 700 [42] .
IV. CONCLUSIONS
We have demonstrated that the interaction of radiation propagating in an oscillating ALP dark matter background results in an accumulated rotation in the photon linear polarization (or phase shift between the two photon circular polarizations) which can be utilized to place constraints on the axion-photon coupling g aγ . The photon dispersion relation contains a term oscillating in time with amplitude proportional to the strength of the axion-photon coupling constant g aγ . The birefringence produced is achromatic i.e. independent of frequency.
We evaluated the total r.m.s. polarization rotation angle for CMB polarization by adding in quadrature the individual phase shifts over coherent patches of a size determined by the ALP's de Broglie wavelength l c ∼ 1/(m a v a ). The CMB provides a well-characterized all-sky distant polarization screen to probe against for this small polarization rotation. We derive different scalings for the coupling g aγ , proportional to m a and m 1/2 a , below and above the coherent mass scale at recombination. Using the current limit on birefringence angle of (0.5) • we place a constraint on the axion-photon coupling g aγ 5 × 10 −17 GeV −1 at 3 ×10 −25 eV. At this ALP mass scale, our limit improves on x-ray bounds from Chandra by ∼ four orders of magnitude and the Athena forecast by three orders, although x-ray constraints are independent of dark matter ALP mass. Although Lyman-α forest observations [22, 23] can constrain the ALP dark matter fraction, our constraints scale as g aγ ∝ Ω −1/4 m and will weaken by less than a factor of 1.5. Our cosmological probe of ALPs via their effective refractive index is also quite complementary to helioscopes, haloscopes and light-shining-through-walls experiments in the ALP coupling vs. mass parameter space. Recently, sensitive laboratory measurements have been proposed to measure the same birefringence effect in the opposite small-scale limit [43] . In the future, CMB experiments and missions like CMB-S4 and COrE have the potential to additionally constrain g aγ by one and two orders of magnitude, respectively, at 3 × 10 25 eV.
Note Added: During preparation of this paper for submission we note that Reference [37] appeared which develops an analogous idea but in a different context of protoplanetary disks.
